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1. Introduction

Since the significant disruption that is being caused by the coronavirus pandemic, we are aware that all
communities must resolutely work together to battle the pandemic amid globalization. A growing number
of mathematical models have been developed by health care systems, academic institutions and others to
help forecast coronavirus spread, deaths, and medical supply needs, including ventilators, hospital beds and
intensive care units, timing of patient surges and more. Mathematically, a model of infectious disease can
be regarded as a special reaction-diffusion process. Motivated by this fact, in this study we consider a kind
of reaction-diffusion equation, namely, a doubly nonlinear parabolic anisotropic equation:

6:1:,»

N i(z,t)—2 N

0 OB(u) |” 0B(u . 0B(u

w=2 5 az-(w,t)\ o aéi) +3> g 1) 8( ) (@tear, (1)
i=1 1=1

where Qr = Q x (0,7), Q C RY is a bounded domain with a C? boundary 99, 0 < a;(z,t) € C1(Qr),
1 < pi(x,t) € CHQr), g (x,t) € CH(Qr), B'(u) = b(u) > 0 and B(0) = 0. Equation (1) arises from physics,
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fluid mechanics, as well as from the epidemic model of diseases in biology and ecology [24]. Compared with
the isotropic-type equations, equation (1) is much closer to a diffusion process such as the epidemic of
coronavirus disease. If

ai(xz,t) >0, (x,t) € Qx[0,T] and a;(x,t) =0, (z,t) €92 x[0,T], i=1,2,---,N, (2)
we conjecture that it inevitably leads to
u(z,t) =0, (z,t) € 00 x [0,7T),

which was partially proved in [22].

The biological explanation of condition (2) lies in the fact that if u(x) represents the velocity of spreading
progress of an infectious disease such as coronavirus disease, condition (2) implies that the virus (or disease)
can not transmit across 0€2, when the region remains under lockdown.

A special case of equation (1) is the so-called evolutionary p(z)-Laplacian equation, which takes the form:

uy = div(|Vu|P@Y2Vw), (z,t) € Qr,

and has been extensively studied in the past decades [1,2,5,6,9,14,18,23] etc. Equation (1) can also be
regarded as a generalized version of the polytropic infiltration equation:

up = div(|Vu™[P72Vu™), (z,t) € Qr, 3)

where m > 0 and p > 1. For more details and recent results on equation (3), we refer the reader to
[4,11,13,19,20,29] and the references therein.
Recently, a number of issues considered the anisotropic equation [7,8]:

0 _
Up = Z £y (|uzi|’“ 2%1-) + f(z,t,u,Vu), (z,t) € Qr,

with the initial-boundary value conditions

u(z,t) = uo(z), z € Q, (4)
u(z,t) =0, (x,t) € 0Q x [0,T).

A more general anisotropic equation [10,17,21,25-27]:

N
0 () —
U = Z oz (al(m)|um pi(e) 2%,;) + f(z,t,u, Vu), (z,t) € Qr, (5)
i=1

was studied on the stability and the well-posedness. Here what interests us most is that if we take the
diffusion coefficient a;(z) |zca0= 0 and consider a partial boundary value condition

u(z,t) =0, (x,t) € X, CON x[0,T), (6)

can the stability of equation (1) be achieved too? From [25-27], we know that when ¥, = £; x (0,7,
where ¥ is a submanifold of 99 (or ¥; = (}), the stability of weak solution of equation (5) can be true. For
equation (1), the diffusion coefficient a;(z,t), the variable exponent p;(x,t) and the convection coefficient
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g'(z,t) are all dependent on the time variable ¢. Distinguished from [25-27], we will show that ¥, is a
submanifold of 92 x (0,T) and is generally not a cylinder as ¥; x (0,7).

Assume that B(u) is a strictly increasing function. For examples, B(u) can be chosen as u™, e* — 1,
In(1 + u) and

u™, if0<u<l,
B(U) - {umz’ ifu>1

with my # me. For convenience, we denote

p- = min_{pl(m7t)7p2(m7t)7' o 7pN—1(x7t)apN(xat)}7 p->1,
(mvt)eQT
b+ = maL{pl(xvt)aPQ(xvt)a T 7pN71(x7t)7pN(xvt)}'
(z,t)eQT

Definition 1. We say that u(z,t) is a weak solution of equation (1), if

u

0. 2 [ Jirsas e 12 OB " o
uelL (QT)’ & b(S)dSGL (QT)a ai(x,t) o1 €L (QT)? Z:172a"' aN, (7)
0 7
and for any function ¢ € C(0,T; W()l’p+(ﬂ)) there holds
ou ol 0B(u) pi(et) =2 OB (u) Op
// [Ego(x,t) + Z;ai(x,t) ’ o o dxdt
Qr =
. ®)
; OB(u)
= "z, t t)dadt.
> [ o et
= Qr
The initial value condition (4) is satisfied in the sense of
u(z,t) uo(w)
}irr(lJ / Vb(s) — / Vb(s)ds|dz =0, 9)
—
Q| 0 0

and the partial boundary value condition (6) is true in the sense of trace.

Let us summarize our main results as follows. For convenience, we use ¢ to represent a constant that may
change from line to line throughout the whole paper,

Theorem 2. Suppose that p_ > 2 and
— = <0,i=1,2,---, N. 10
at —_— ) Z ) ) ) ( )

Suppose that a;(x,t) satisfies condition (2) and one of the following conditions:
Oa;(z,t)
(i) |2t

(ii).%go,i:1,27~-~71\/. (12)

’ < ca;(z,t), i=1,2,--- ,N. (11)
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Suppose that ug(x) > 0 satisfies
up € L=(Q), a;(z,0)ug(x) € WH=0(Q), i =1,2,--- | N. (13)
Then there is a nonnegative solution of equation (1) under condition (4).

Theorem 3. Suppose that for i = 1,2,--- /N, a;(z,t) = a(x,t) satisfies condition (2) and for the large n
there holds

pi(z,t)

dx dt < e, (14)

T
/ 1- -1 Oa(x,t)
n Pt
6:51
0

Q1,\0z,
T
//g (2, )% @Dz, t)” B0 ri@H=1dyr < ¢, (15)
0 Q

where Qi(xat) = pp(L(I)t)l} pzt - masz(x t) q;; = max Qi(xat) and
z€Q €N

Q1= {xé@Q:a(m,t) > %}, tel0,T).

Suppose that u(xz,t) and v(x,t) are two weak solutions of equation (1) with the initial values ug(z) and vo(x)
respectively, and with a partial homogeneous boundary value condition

N da(x,t)
u(z,t) =v(z,t) =0, (z,t)€X, = {(x,t) €90 x (0,T): Zgl(x,t)a—x’_ + 0} : (16)

i=1

Then we have

/|u(m,t) —v(x,t)|de < c/ |ug(x) — vo(x)|dz, a.e. t € [0,T). (17)
Q

Q

It is remarkable that Theorem 3 can be generalized to the case of a;(x,t) # a;(z,t) as i # j. The proof
can be processed in an analogous manner.

The rest of the paper is organized as follows. Proofs of Theorems 2 and 3 are presented in Sections 2 and
3, respectively. The characteristic function method is introduced in Section 4. We show that this method
can also be applied to study the stability for other degenerate parabolic equations. A brief conclusion is
given in Section 5.

2. Proof of Theorem 2

For simplicity, we assume that B(u) is a C! strictly monotone increasing function. We prove Theorem 2
by starting to consider a parabolically regularized system:

N (z,t)—2
U = 3?:- ((ai(x,t) +e) agagw agx ) +Zg x, t 4)7 (x,t) € Qr, (18)
i=1 K3 3 K3
u(z,0) =up(x) +¢, z € Q, (19)

u(z,t) =€, (x,t) € 90 x (0,T). (20)
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Proof of Theorem 2. Since ug(xz) > 0 satisfies (13), similar to the evolutionary p-Laplacian equation [24],
by using the monotone convergence method, we can prove that there exists a constant M such that the
solution u. € L(0,T : WP (Q)) of the initial-boundary value problem (18)-(20) satisfies

l[uellLoe(@r) < M- (21)

For more results on the existence of weak solutions to the initial-boundary value problem (18)-(20), we refer
o [5,6].
Denote

/B(s)ds =B(r).

0

Multiplying both sides of (18) by B(u.) — B(e) yields

/Bugxt da:+Z//ala:t 'ag(l)pi(gﬁyt)dmdt
Q
_ ! B(uo(z))dz + B(e) Q/ [z, £) — wo(z)]dx (22)

+3° [[ 4022 ) - B asd,
=a '

where Q; = Q x (0,t) for any t € [0, 7).
Since

// (ot 8?535) [B(u:) — B(e)dudt

// agagi 2 (u:) — B(e)]*dadt,

from (22) we have

pi(z,t)
Z // '83 ue) dxdt
pi(x,t) 23
SC//(ai(x,t) +¢) ‘LB(UE) dxdt (23)
81’i
Qr
<ec.

Multiplying both sides of (18) by [B(u.) — B(e)]: and integrating it over Q; gives

//[B(Ue) — B(e)]yuerdzdt

Q1
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= i//(ai(x,t) +¢) ‘8]};25)
=taQ.

35 )
=1, ’

p(z,t)—2 o

iB(ug)tdaz:dt

4B(u6)3x4

Note that
OB (u.) p(z,t)—2 aB(US)i (u2)
8xi 81'1 &rl =t
2 B(us)|” B(uc)
10 / pi(z,t) 2d 1 / 0 pien-2
20t T3 ot °
0 0
|52 B(ue) |52 B(us)]
10 pi(z,t)—2 1 pi(@,t)—2 8pZ
0 0
%B(us) ( )
10 pile,t)=2 1 0 it 0B (ue) | Op;
= Tz ds— —B In
20t / ST ds pi(x,t) | Ox; (ue) ' ox; ot ds
0
ox B(ui)
2 Op; pi(w,t)—2
ds.
+ pi(z,t) Ot s °
0
Then, we have
OB(u.) """V 9B(u.) 8
_//(ai(x,t) —|—5)‘ 85{:;) 8;;) axiB(us)tdwdt
‘asw) 2
dx;
1 0 i,
:_5//5 (ai(z,t) +€) / s ds | dwdt
Q1 0
aB(us)
T oz
DIERE 8az( t)
——~dxdt
// /- a
)asm_s) 2
1 Y oz Op;
iy Jawnre [ w2
Q¢ 0
] L | A ] LBl
=5/ niwd) a;(x, oz, a;(x, oz, i

(24)
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2
a%B(ua)

1 pite,0-2  Qa;(x,t)

api 1 |8B(ue) [
+// AT [a;(x,t) +€]pi(x,t) ’ o5,

aB(ug) |?
oz,

8pz- 2 pl(’r t)—2
_// o0 [a;(x,t) +€]pi(x,t) / s dsdxdt
0

OB (u.)

dsdxdt
8.’1%

ln‘

. : . e s | Ba(at
To derive (26) from (10)-(12), we have used the following facts. From condition (i), i.e. aTx)‘

ca;(x,t), we get

aB(us)

T om;
pi(x, t 2 i B pi(xvt)
// / = aa(ﬂljt)ddt<c//al(act)a () dxdt < c.
0 ox;
From condition (ii), i.e. w < 0, we have
aB<u€>
// / DIEIEL aai(m,t) dedt < 0.
ot
Let
0B (u,
a={@neq: |2 <1l a-aan

In view of %pt" < 0, we deduce

1 |9B(u) [ |0B(uc)
/ (x,t) ]pi(a:,t) ’ oz, In oz, dsdxdt
Api 1 |0B(u) [P |0B(u.)
< s e/
_// ot [ai(z,t) +6]pi(x7t) ‘ o2, In ™ dsdxdt
Q1

1 |9B(u) "™ |0B(uc)
// [a;(z,t) ]pi(x,t) ’ os, In as, dsdxdt

; 1 |0B(u) [P |0B(u.)
c—|—// 9 [ai(z,t) + €] o@D ‘ oz, In “om dsdxdt

<c

and
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A

Sc//[ai(x,t) + €] ‘%’ZE)

t

8B (ue) |?
D)

2 pi(z,t)—2
(x,t) + €] s 2 dsdxdt
pi(z,t)

pi(x,t)

dzxdt

<ec.

It follows from p;(x,t) > p_ > 2 that

//gi(x,t)%;g)w(u@) — B(e)]sdadt
//[ Ox; 2
( (@ Has(e, ) 7Em [P 4 ) ( //al ’ B uz)

+/ 8| B’ (ue e |*dadt

Qt
1
<c+ 5//b(u5)|u€t|2dxdt,
Qt

where the small constant ¢ satisfies 0b(M) <
From (24)-(27), we can derive

[ Bzt = [[ v <

Q Qt

B(Us)

+ 6|B(u5)t|2] dxdt

1
5.

and
P Ue 5 u
a/\/b(s)ds4 a/\/b(s)ds, in L*(Qr).
0 0

From inequalities (21), (23) and (28), it implies

ue — u, weakly star in L*=(Qr),

Ue — u, a.e.in Qr,
and there exists an N-dimensional vector ¢ = (1, ,(n) satisfying
— p(z)
’ ¢ ‘ e L! (o,T;LW(Q))
such that

OB(uc)

Pi@t)=2 5p Uge

axi

1
pi(z,t) Pil
dxdt

— ¢ in LNQr), i=1,2,--



H. Zhan, Z. Feng / J. Math. Anal. Appl. 497 (2021) 124850 9

In order to prove u to be the solution of equation (1), we shall prove that

22[7 '8g;f)

for any ¢ € CH(Qr).

Note that

+ Z// [ 8% (a,)B(uc) + ag;(;’ t)B(us)cp(x,t)] dadt = 0.

P72 9B (u.)
o0x;

on. dadt = / 7 Vedrdt (30)

PE0=2 9B (u,)
al’i

9B(u.)
8301-

N
uap+ Y _(ai(z,t) +¢) w%] dzxdt

Due to a;(z,t) |aoxo,rj= 0 and a;(x,t) > 0 for (z,t) € Q x [0,77], in view of p(z,t) € CHQr), we obtain

[pz, (z,t)]|
max >c¢>0, and
suppy ai (1)

pl(“) 2<9B(u€) o

dxdt
o0x; Oacl

pi(,t)
+ 1| dxdt

// 0B( uE
895z
¢ // dB(uc)
< 7
= 5zggp az xZ, t 83@

—0, ase — 0.

This further leads to

// ¢ Vnpdxdt—hmz // ‘ o u) |
:6115(1)2//@2 ,t) ‘ag(us)
- nmgz // 2] )[40 9B ue) dp(ue)

=0 7

ox; ox;
zlimE://[a»(x B+4|2
e—0 ' ’
=or

Since ue, — u, we see B(u.) — B(u) and

072 9B(uz) dp(uc)

89:1- 8x1 oz, rdt

P02 9B(u.) dp(ue)

————~dxdt
8$i 8;1;‘1

———=dzdt

D=2 9B (u.) dp(u.)
ox; ox;

B(ue)
ox;

———dzdt.

//(ugpt + (- V)dzdt

+Z//{ P, Uyt (w.0)B(u H%B(U)w(m) dadt = 0.
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p%(mvt)

Let 0 < 1/1 € C’O (Qr) and 1 = 1 on suppy;. In view of v € L®(Qr) and b;(z,t) |2 '( ) € LY(Qr)

fori=1,2,---,N, we have

//1/1 Qaggf)

P2 9Bus) ‘8B(v)

pilet)=2 83(@))

(33)
0B(ue) 0B(v)
( oz, — oz, >dxdt>0.
Choosing ¢ = 1 B(u.) in (31) yields
Oue al 0B (u.) P72 9B (u.)
/ [ ot VB(ue) + ;(ai(Lt) ) ox; ox; wB(us))“
Al 0B (ue)
- ;gz(x,t)ﬁzpB(ug) dxdt = 0.
It follows from (33)-(34) that
pi(x,t)—2
//d)t Ug dxdt—Z// a;(z,t) ‘ag( [ aB(uE)z/)x B(ue)dxdt
dB(v) [P 2 9B(v) (9B(u.) OB(v)
_ ; // (e t) +) |55 o ( o > vdudt
BB(UE) pilet)= 8B(u5)8B( )
i 9B (uc)
- §:j // oo )502) (2500 4 By, ) dac
99’ (x
- Z // 8% ue)vdzdt > 0.
Letting € — 0, we have
// VB (u)dadt — Z // W) Citha, daxdt
Pe=2 9B(v) (0B(u) OB(v)

_Z//azxt ‘ 3% oz, ( oz, — oz, )dz‘dt
—~ Z // ) (36)
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—ZNl//g"(w‘,t)B
—Z// ag&z b,

Taking ¢ = ¢y B(u) in (32), we get

// u)ipedadt Z // w22

_Z//Wt

—;//g%x,t)B
_Z//ag x, t

By combining (36) and (37), we have

Z// (cz— xt’

In particular, taking v = B~1(B(u) —

and so

Ai//w (ci—az@c
=1or

When A goes to zero, we have

i//w (@- ~ai(a,t)
=1or

Similarly, when A < 0, we get

Z//w<

Accordingly, we obtain

o (23

w)bdrdt > 0.

u) <8§£;u) (u)lﬁxl) dxdt
w)pdadt > 0.
B(v) [P 9B(v) \ [ 0B(u)

ox;

xt‘

-(B(u

0
2 ‘3x

)

) = Ap)

0B (u)
axi

0B (u)
&ri

(u)wwi) dadt

-3 [

)ity dadt

pi(x,t)—2 )

pi(z,t)—2 o

pi(w,t)—2 OB(u)
5':ri

pi(w,t)—2 OB(u)

5':r7;

Ap) and A > 0, we find

Ai//w (@- — ai(a, ) \%(B(u) )
=1Qr

dp
oz, (B(u) — A@)) oz,

dyp
oz, (B(u) — Np)) oz,

)
)

)

dp

oz, dxdt >

dp

<
0, dzdt <0.

xdt >0

dxdt >

dxdt >

0

11

(37)

(38)
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i //w (Q —a;(x,t) ‘agggj‘)
=Qr

Since ¥ = 1 on suppy, we arrive at (30).
The initial value condition (4) in the sense of (9) can be derived from (29). We omit the details here.

Consequently, u(x) satisfies equation (1) in the sense of Definition 1. O

dzxdt = 0.

pi(@t)=2 OB(u) \ d¢
813,' 81‘1

3. Proof of Theorem 3

To discuss the stability of solutions of equation (1), we need to introduce the following technical lemma.
Let p(x) € C1(Q), and denote p™ = max p(z) and p~ = max p(z).
zeQ zEQ
Lemma 4. [12,16]

(I) The space (L@ (Q), | - | Lot () (Whr)(Q), | - [ wee) () and Wol’p(m)(ﬂ) are reflexive Banach

spaces.
(II) Let p1(z) and pa(zx) be real functions with pl;(x) + 172;(1,) =1 and p1(x) > 1. Then the conjugate space
of LP1(®)(Q) is LP2®)(Q). And for any u € LP*®)(Q) and v € LP2(®)(Q), we have

/ wvdz| < 2] poscor gy 0] Loacoray.
Q
(D) If fullpscoiay = L, then [ [lulP@de = 1; i Jull oy > L, then [ul,eq) < Jiy lulP@de <
+ . + -
b - and if ||u||Lp<w>(Q) <1, then Hunip(z)(g) < fQ |U|p(x)d$ < ||UHI£1,(1)(Q)-

Hu”Lp(m)(Q);

For any large integer n, we define an odd function S, (s) by

and let

Then

lim S, (s) = sgn(s) and lim s5,(s) =0, s € (—o0,+00).
n—0 n—0

Meanwhile, since a;(z,t) = a(z,t) > 0, we define

1, it €0z,
on(z,t) =< n(a(z,t)— 1), ifze Q1,\Q2y,
0, if 2 € Q\Qu,,

where Qy; = {x € Q: a(z,t) > A} for any A > 0.
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Proof of Theorem 3. Supposed that u(z,t) and v(x,t) are two weak solutions of equation (1). After a process
of limit, we can choose ¢, S, (B(u) — B(v)) as a test function. In view of a;(x,t) = a(x,t), we have

/ / n(,8)S, (B(u) B(v))a(ua; ) dzdt

0 Q
N OB(w) [ 9B(w) |0B() "2 9B(v)
i=1 )

" (B(u) — B(v))pn(x,t)dxdt

Ny 0B(w) [ Y% 9B(u)  |9B() [0 0B(v)
—I-LX; /a(x,t) (‘ Ox; oz, _‘ or; o
-0 Q (40)
5(B(u) ~ B) 2220 gy
Nt
=— Z//gi(x,t)(Bw) — B(v)) (6];—35@ - 8?—3@) S! (B(u) — B(v))gn(z, t)dadt
i=1 0 O 2 [
N t
_ Z//gi(x,t)(B(u) — B(v))Sn(B(u) - B(”))W‘im
=19 @ i
N 1 i(y
+ Z// aga(xﬁ 2 (B(u) = B(v))Sn(B(u) — B(v))pn(z, t)dzdt.
=19 o !
Note that the second term in the left hand side of (40) satisfies
N t pi(x,t)— pila,t)—2
(u) *0B(u) |9B(v) 0B(v)
1—10// ’61 Oz ’3z Oz (41)
(88331 . 653; )> S'5(B(u) — B(v))en(z, t)dzdt > 0.

To evaluate the third term on the left hand side of (40), we use

0, if z€ Q2
a@n(xat) da(x . !
o, nGet, if weQ1,\ Q2

O’ lf T € Q\Qlt-

In view of condition (14), by the straightforward calculations we can deduce that

3 ot (|22

i=1

P2 9B(w) |98 (v)

P02 9B(u)
8.131'

Opn (1)

oz, Sp(B(u) — B(v))dxdt'
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N i (@) —1 pi(z,t)—1
OB(u) [’ OB
SZ/n a(z,t) O# +‘# >
. :E' 3
=10 0, \st ’ '
t
9ale.t) ¢ (Blu) — B(v))| dudt
Bxi
1
N ! 8B(u) pi(=,t) qu
<CZ/[ / a(x,t)’ 5 dx
=10 Q1,\Q2, '
%
B pi(z,t) o
+ / a(z,t) ‘Baéu) dx dt
Q1,\Q2, '
1
£ (.0) g
pi(a,
/n a(x,t) 8@(9(3:,75) dx dt
~
0 Qlt\Qgt !
1
N OB(u) [P "
< CZ/ / a(x,t)’ % dx
=10 Q1,\Q2, '
B pi(z,t)
+ / a(x,t) ‘aaagv) dx dt
Q1,\Q2, '
3
[ dax, ) |70 "
/n p,?; / T7 dJ,‘ dt
~
0 Q1 ,\Q2, ’
1
N OB (u) [P "
SCZ/[ / a(x,t)’ o dx
=10 Q1,\Q2, '
B pi(z,t)
+ / a(x,t) ‘aax(v) dx dt,

— 0, asn — 0.



H. Zhan, Z. Feng / J. Math. Anal. Appl. 497 (2021) 124850 15

It follows from Hoélder’s inequality and (15) that

Sl

(B(u) — B(v))n(z,t)dzdt

2B (u) 8B(v)>

- [ [dwoww - s (5 - 2

i=1

g'(w,0)(B(u) — B(v))S,(B(u) — B(v))

|
'MZ

S . O —_
SR

i=1

0B(u) 0B(v)

- a(x, )T a(z, t) 0D (83: - 8:}0) on(z, t)dzdt (43)

=
2

S t i(x,t
< Z (// [gl(x,t)(B(u) - B(U))S;L(B(u) — B(/U))a(x7t)_p,;(lm,t):| i )d:vdt)
0 Q

/ pi(@,t) mi
. (//a(x,t) (‘8B(u) ) dxdt —0, asn—0,
89@»
0 Q

where py; = p;r or p; depends on whether

e

Pt 0B ()
83:1-

et 9B ()
6:51'

pi(z,t)

dedt | <1
pi(z,t)

dxdt | > 1.

u(z,t) =v(z,t) =0, (x,t)eX, = {(x,t) €00 x (0,T): Zgi(x,t)%zt) # O} .

or

et 0B ()
8.731'

e
0 Q

Recall the partial boundary value condition (16), i.e.

Then we have

N t
Jm |- [ [0 - Bups. ) - Be) 222D g
=17 @ !
¢ N
<Jim [n (B(w) ~ BE)S.(B) ~ B)I| Y 6.0 220D vy
0 01,\Q2, =1 ' (44)

and
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Z/!ag;(z,t) (B(u) = B(v))Su(B(u) = B))gn (z,)dudt <co//|u—v|dxdt. (45)

i=1

Since B(r) > 0 is monotone, it follows that

n—oo

) / O(u —v)
lim /Q/cpn(x,t)sn(B(u) - B(v))Tdmdt

By (41)-(46), letting n — oo in (40) yields

/|u(x,t)—v(x,t)|dx < /|u0(x) —vo(x)|dx+c//u—vdxdt, tel0,7).
Q Q

0 Q

Using Gronwall’s inequality, we obtain
/|u(a:,t) —v(z,t)|dx < / luo(x) —vo(x)|dx, t€[0,T). O
Q Q

4. Weak characteristic method

We can generalize the method described in the preceding section to prove the stability of weak solutions.
Let x(z,t) be a nonnegative C1(Qr) function as

x(x,t) >0, if (x,t) € Qr =Q x (0,T),
and
x(z,t) =0, if (z,¢) e Tp =900 x [0,T).
If we denote
Xt = x(x,t), z € Q,

for t € [0,T), then x; is the weak characteristic function of Q as defined in [26]. Likewise, we can simply
call x(z,t) a weak characteristic function of Q7.
We define

1, if wEDgt,
on(2,t) =< n(x(z,t)— L), if x€Di,\ D2,
0, if 2€Q\Dz,.
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Then
0, if x€ Dz,
a n 3t xT . "
%: nPget, i w€Dyy\Day,
0, if xeQ\ Dy,

where Dy, = {z € Q: x(z,t) > A} for A > 0.

Theorem 5. Suppose that there is a weak characteristic function x(z,t) of Qr satisfying,

A (@.t) o
o t pi T,
/n / ai(x,t)’ x(z,1) dx dt<c¢ i=1,2,--- N, (47)
6561'
0 D1 \D2z2,
/gi(mt)‘”(z’t)ai(x,t)_PNvl“—ldx <c(T), i=1,2,--- N, (48)
Q

where q;(z,t), pi; and g are the same as given in Theorem 5. Suppose that u(z,t) and v(z,t) are two weak
solutions of equation (1) with the initial values ug(x) and vo(x) respectively, with a partial homogeneous
boundary value condition

S Ox(at)
w(z,t) = v(x,t) =0, (z,t) € Lz e dx(0,T): ZgZ(g:,t)T 40, (49)
Then we have
/|u(z,t) —v(z,t)|dx < c/ luo(x) — vo(x)|dz, a.e. t €]0,T). (50)
Q Q

Proof of Theorem 5. Choose ¢,,S,,(B(u) — B(v)) as a test function. Then we have

//gpn(x,t)Sn(B(u) —B(v))a(ua—;v)dxdt

] oo (5
)

P72 9B(u) 9B (v)

pi(z,t)—2 dB(v)
8$i

: (agx - GBBS)) S! (B(u) — B(v))gn (@, t)dzdt
N 0B(w) [ 7? 9B(u)  |9B(v) [0 0B(v)
+Zo/g/a1($,t) (‘ a$7, 8x1 B ‘ 81‘1 Bxl
=1 )
S0 (Blu) — Bw)222@Y 4oy (51)

8£Ci

N t
=3 [ [ a0 - sy (50 - EH) 81500 - B e
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Nt
, Opn(x,t)
- [ 0B - Bw)SuB) — Bw) 22
=1 O/Q/ 8171
N i
+3 [ [ 220 (B - B0)S.(B - Bo)pals. st
=19 g ’

PiE=2 5B (u) ‘33(1})

pilw =2 8B(v)>

4 Oz; ox; O
p (52)
0B(u) _0BW)
_ _ -
( dx; ox; )S (B(u) — B(v))pn(x,t)dxdt >0
In view of condition (47), we can deduce
t
i//a-(:p t) 8B(u) pi(x,t)—2 8B(u) B 6B(v) pi(x,t)—2 3B(u)
ACE} 8:’51 axi 6372 axi
i=1 0 O
Opn(x,t)
b, Sn(B(u) — B(v))dudt
t
= XN:/ (x,t) 9B(u) pil@t)=2 OB(u) B dB(v) pi(z,t)—2 0B(u)
= ; a;\T, al'z axl 3:51 8‘%1
i=1 0 Dlt\sz
Aon(z,t)
oz, on(Bl) = Bv)dudt
Ny i(z,t)—1 pi(2,t)—1
8B(u) p 83(1})
) | (5)
_Z/n a;(z,t) (‘ P, +’ o
=1 0 Dlt\th
‘MSH(B(U) — B(v))| dzdt
8-7;%'
; o
al pi(w,t)
<CZ/[ / a(x,t)‘ag( ) e
T
=17 Dlt\DQr
p:(z,t) .
+ a(x,t)‘agx(_) dzx ]dt—m as T —5 0
D1 \D L
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Similar to the derivation of (43), using Holder’s inequality and (48), we obtain

N (9B 9BW)Y o
> / / o030 - ) (22 - 2 ) 51 (8(0) — B
N t
—->" [ [ 40 - Be)s,Bw - Be)
=19 0
ai(x,t)fma (z,t)PiE=D ) (agggl) — 65;3))) on(x, t)dzdt (54)

< Z // {gz(ﬂﬁ,t)(B(u) - B(v))S’;L(B(u) — B(U))ai(m7t)_pi('lx,t) i )da:dt
0 Q

/ 0z 0B (u)
[ [0 5

Note that the right hand side of (54) goes to 0 as n — 0. Here, py; = pj' or p; depends on whether

) pi(z,t)
// (2, 1) ’ 3 dedt | <1
L

1

pi(z,t) PLi
dxdt .

et 0B ()
8xi

pilet {88(1})
+
8xi

or

i(z,t i(x,t
P ‘aB(”)p( )>dxdt > 1.

(91,‘1'
In view of (49), we get
N t
T =3 [ [0 - Bes. ) - Be) e
=17 0 ’
t N
< Jim [n (Bw) ~ Bw)Sa(Blu) ~ B[S 6 ) 2D |
0 Dy A\Dg, i=1 ’ (55)
<c | [ 1B() = B)| d=dt
[/
=0.

Similarly, we can deduce that both (45) and (46) hold too. From (51)-(55), we arrive at the desired result
(50). O

We can see that by choosing different appropriate characteristic function of 7, we can obtain the
corresponding stability results under various conditions. For example,
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i) If we take x(z,t) = xr,5(t) H;VZI aj(x,t), where x|, 4(t) is the characteristic function of [s,t] C (0,T'),
then

Ox(x,t) N o
: = Xir,s] (T i(x,t . ’
oz, =X ,(]()1;[1%(96 );ak(x’ﬂ
pi(x,t)
Oz, t) [ N e,
[ _— t 7
’ o, = | XIr, s] ];[ T, kzﬂ an(z, 1) )

where akxi:w k=1,2,.. N.

By virtue of Theorem 5, we obtam

Corollary 6. Suppose that

—

aH

T P
1_it
0

D1, \Dz2,

pi(z,t) P

Z =5

=1

Suppose that u(xz,t) and v(x,t) are two weak solutions of equation (1) with the initial values ug(z) and vo(x)
respectively, with a partial homogeneous boundary value condition

N N
u(z,t) =v(z,t) =0, (z,t) € < (z,t) € 90 x (0 H i(x,t) Z

7, 1

Then we have the stability of weak solution in the sense of (17).

i) If we take x(z,t) = X[r,s)(t)d*(x), where d(x) = dist(z,JQ) is the distance function from the boundary
0 and « > 1 is a constant, then

Ox(x,1) o O, t) | ot ([P
81-- = OzX[.,.’S} (t)d 1(37), (91' = ‘OzX[T’S] (t)d 1(1‘)}17 .
According to Theorem 5, we can also obtain
Corollary 7. Suppose that

o

1z | (a=pg, ’

/n Pt / (z,t)d dt<e i=1,2,---,N

0

D%t\DQt

Suppose that u(z,t) and v(x,t) are two weak solutions of equation (1) with the initial values ug(z) and vo(x)
respectively, with a partial homogeneous boundary value condition

N
u(z,t) =v(z,t) =0, (x,t)€ {x €00 x (0,T): Zgi(x,t)ni # O} ,

where n. = {n;} is the outer normal vector of Q. Then we have the stability of weak solution in the sense of

(17).
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5. Conclusion

In this study, we applied an analytical method to study the stability of weak solution for a doubly
nonlinear anisotropic parabolic equation, where the diffusion coefficient and the variable exponent depend
on the time variable ¢t. Under certain parametric choices, it includes the heat equation, reaction-diffusion
equations, non-Newtonian fluid equation and electrorheological fluid equation and the epidemic model of
diseases as particular cases.

When a;(x,t)|zeq > 0 and B(u) is a strictly monotone increasing function, it excludes the strongly
degenerate hyperbolic-parabolic equation, for which only under the entropy conditions, the uniqueness of
weak solution can be guaranteed [3,15,28]. However, only under the condition B’(u) = b(u) > 0 or a;(z,t)
is degenerate in the interior of 2, how to prove the uniqueness of weak solution to equation (1) is still an
interesting and challenging problem. In addition, if there is an external forcing term f(u) > 0 in equation
(1), i.e.

P2 9B (u)
(9131‘

0B (u)
6%1'

Uy = Z a;(z,t)

) ’
i=1

+3 @S ), wneQn  50)

we conjecture that weak solutions may blow-up in finite time. How to show such a blow-up behavior and
the long time behavior of solutions to equation (56) seems more interesting and helpful from the physical
and biological point of view. We will continue to work on this problem in a subsequent work.
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